Abstract. We prove an existence result for a "generalised" Monge-Ampère equation introduced in [10] under some assumptions on a flat complex 3-torus. As an application we prove the existence of Chern connections on certain kinds of holomorphic vector bundles on complex 3-tori whose top Chern character forms are given representatives.
Introduction
The complex Monge-Ampère equation on a Kähler manifold was introduced by Calabi [4] , and was solved by Aubin [1] and Yau [13] . Since then other such fully nonlinear equations were studied, namely, the Hessian and inverse Hessian equations [7, 6, 8] . The inverse Hessian equations were introduced by X.X. Chen [12] in an attempt to find a lower bound on the Mabuchi energy. Actually, in [12] Chen conjectured that a fairly general fully nonlinear "Monge-Ampère" type PDE has a solution. Roughly speaking, instead of requiring the determinant of the complex Hessian of a function to be prescribed, it requires a combination of the symmetric polynomials of the Hessian to be given. A real version of such an equation was studied by Krylov [9] and a general existence result was proven by reducing it to a Bellman equation. In view of these developments a "generalised Monge-Ampère" equation was introduced in [10] and a few local "toy models" were studied. As expected, the equation is quite challenging. The main problem is to find techniques to prove a priori estimates in order to use the method of continuity to solve the equation. In this paper we study this equation on a flat complex torus wherein curvature issues do not play a role. The aim of this basic example is to give insight into studying this equation in a more general setting. We prove an existence result (theorem 2.1) in this paper.
A small geometric application of this result is also provided -Given a (k, k) form η representing the kth Chern character class [tr((Θ) k )] of a vector bundle on a compact complex manifold, it is very natural to ask whether there is a metric whose induced Chern connection realises tr((Θ) k ) = η. As phrased this question seems almost intractable. It is not even obvious as to whether there is any connection satisfying this requirement, leave aside a Chern connection. Work along these lines was done by Datta in [5] using the h-principle. Therefore, it is more reasonable to ask whether equality can be realised for the top Chern character form. To restrict ourselves further we ask whether any given metric h 0 may be conformally deformed to h 0 e −φ so as to satisfy a fully nonlinear PDE of the type treated in [10] . Admittedly, the result we have in this direction (theorem 2.3) imposes quite a few restrictive assumptions on the type of vector bundles involved. However, the goal is to simply introduce the problem and solve it in a basic case to highlight the difficulties involved.
Summary of results
We prove an existence and uniqueness theorem for a "generalised" Monge-Ampère type equation [10] on a flat, complex 3-Torus. In whatever follows dd c = √ −1∂∂ and ω f = ω + dd c f . (1) X is a surface, i.e. n = 2, tr(Θ 0 ) > 0, and (tr(Θ 0 )) 2 
The hypotheses of theorem 2.3 require some discussion. As a warm-up example, let us consider the question for a line bundle, i.e., given a metric h 0 on a hermitian holomorphic line bundle L on a complex n-fold with the curvature form denoted as Θ h 0 , can we find a new metric h = e −φ h 0 such that the top Chern character form (
This is just the "usual" Monge-Ampère equation. To prove existence, the commonly made assumption is Θ h 0 > 0. So it is not at all surprising (and almost inevitable) that a "generalised" version of such an equation would warrant more positivity assumptions, some of which might seem a little less geometric than desired.
Nevertheless, here are a few examples (certainly not exhaustive) that satisfy the hypotheses :
(1) X is any compact complex surface, (V, h 0 ) is any rank k hermitian holomorphic vector bundle over X such that tr(Θ 0 ) > 0 and η = (tr(Θ 0 )) 2 + ǫgtr(Θ 0 ) where X gtr(Θ 0 ) = 0 and ǫ << 1. (2) X is the complex 3-torus with the standard lattice Z ⊕ Z ⊕ Z. Choose three line bundles 3 . Take (V, h 0 ) to be their direct sum and η = tr(Θ 3 0 ) + ǫg where ǫ << 1 and g = 0.
Proofs of the Theorems
We first prove a useful lemma : Lemma 3.1. Let X be a Kähler 3-manifold. If γ is a non-negative real (1, 1) form and β be a strongly strictly positive real (2, 2) form (hence * β > 0 for the Hodge star of any Kähler metric) such that γ 3 − β ∧ γ > 0 then 3γ 2 − β > 0 and γ > 0.
Proof : Since γ 3 > 0 it is clear that γ > 0. Let * denote the Hodge star with respect to γ. Notice that
2 . Since we are dealing with top forms, we may divide by ( * β) 3 
Proof : Fix a Kähler form ω for X and let * be its Hodge star. Choose coordinates so that
By a linear change of coordinates * β may be diagonalised at p. Proof. Notice that
where the last inequality follows from lemma 3.2. Since γ 1 and γ 2 lie in S,
whereC is a small positive constant depending only on γ 1 and β. Putting 3.1 and 3.2 together we have
This implies (by using lemma 3.1) that 
At t = 0, φ = 0 is a solution. By lemma 3.1 ellipticity is preserved along the path. We verify that theorem 2.1 of [10] applies here. Indeed, we notice that
and that lemma 3.3 (along with the substitutiont = 1 − t in the integral) implies that the conditions of theorem 2.1 are satisfied. This proves that the set of t for which solutions exist is open, solutions are unique and have an a priori C 0 bound. To prove that it is closed we need C 2,β a priori estimates (by Schauder theory this is enough to bootstrap the regularity). We proceed to find such estimates for (ω + dd c φ) 3 
C 1 estimate:
For this we shall not make the assumption that α is harmonic. This assumption will be used only in the higher order estimates. Following [3] let O be a point where β = ln(|∇φ| 2 ) − γ(φ) achieves its maximum. (If we prove that β is bounded, then so is the first derivative. So assume that |∇φ| > 1 without loss of generality. β is Blocki's function. γ will be chosen later.) Differentiating once we see that det(dd c u)tr((dd c u)
At O we may assume that φ ij is diagonal. Besides, β k = 0 there and tr(Lβ kl ) ≤ 0 at O. The first condition implies that
at O. Moreover,
Noticing that dd c u i = dd c φ i and using equations 3.6 and 3.5 we get (at O)
If we choose γ so that γ ′ > E > 0, and . This means that 
where the matrix L = det(dd c u)(dd c u) −1 − A > 0 as before. Differentiating again and taking the trace 1 after multiplication with A we see that
Upon differentiating g we see that
Let us assume that g attains its maximum at a point P. At P, g k = 0, u = φ, u k = φ k , u kl = φ kl + δ kl , and tr(L[g kl ]) = L kl g kl ≤ 0. Choose normal coordinates for ω around P so that dd c u is diagonal at P. Putting these observations, and equations 3.1, 3.9 and 3.11 together we see that at P (all the arbitrary constants that occur below are positive by convention)
Let u ll at P be λ l . Thus at P 0 ≥ −2 (ω+dd c φ) 3 and using lemma 3.2 we see that the (complex version [2] [11] of) Evans-Krylov theory applies to it. This proves the desired estimate. respectively. The first equation may be solved under the given hypotheses using Aubin-Yau's solution [13] [1] of the Calabi conjecture [4] . The second one is solved using theorem 2.1.
